This paper proposes a new approach to the synthesis of low coefficient sensitivity digital filters using Genetic Programming (GP). GP is applied to the synthesis problem by establishing a mapping between the S-expressions and the filter structures. Genetic operators are then applied to the Sexpressions in order to change the connections between the elements in the filter structures. The fitness measure that includes the coefficient sensitivity enables the selection operation to choose low sensitivity filter structures. In this paper, two coefficient sensitivity measures are used -the magnitude sensitivity and the relative sensitivity. A numerical example is presented to demonstrate that the sensitivity of the filter structure synthesized by GP is lower than that of other low coefficient sensitivity filter structures proposed so far.
INTRODUCTION
Digital filters implemented either in software on a generalpurpose computer, or in special-purpose hardware, are always realized by using binary words of finite length. The behavior of digital filters with coefficients represented by finite wordlength may deviate considerably from its initial design. Since the deviation depends on the chosen filter structures, it is desired to synthesize low coefficient sensitivity digital filter structures.
There are an infinite number of equivalent structures realizing the same transfer function, and thus it is impossible to search all such realizations. Therefore, many synthesis methods which lead to low coefficient sensitivity digital filter structures have been proposed. One of the effective synthesis methods is the state-space approach. The approach can realize lowest coefficient sensitivity state-space realizations in some sensitivity measure using equivalent transformation, which are equal to the balanced realizations in the wide sense [ 1,2]. Another effective method is coefficient conversion [3] . It realizes low-sensitive filter structures by replacing each multiplier with a parallel connection of two multipliers, where one multiplier coefficient is an integer, and the other is the decimal value much less than unity. The disadvantage of the filter structure reported in [3] is that the filter structure is low sensitive only if the poles of the transfer function are close to the point z = 1. Diniz and Antoniou [4] reported new filter structures that are low sensitive for a variety of pole locations close to the unit circle IzI = 1.
The above methods synthesize low coefficient sensitivity filter structures systematically. However, they deal with low coefficient sensitivity filter structures within a set of limited filter structures, that is, it is expected that there exist filter structures whose coefficient sensitivities are much lower than the low coefficient sensitivity filter structures proposed so far.
This paper presents an evolutionary approach to the synthesis of low coefficient sensitivity digital filter structures using Genetic Programming (GP). We demonstrates that the sensitivity of the filter structure synthesized by GP is lower than that of the other low coefficient sensitivity filter structures proposed so far.
PRELIMINARIES
The synthesis of a digital filter is the process of converting the transfer function into a filter structure. We consider the synthesis of second-order filter structures having
H ( z ) =
The second-order filter structures can be used in cascade or in parallel for the realization of high-order transfer functions.
The GP-based synthesis requires some criteria for selecting the desired filter structure, because filter structures synthesized differ quite significantly with respect to their sensitivity properties. In this paper, we use three criteria: the physical realizability, the realizability of a given transfer function, and the coefficient sensitivity. The first criterion concerning the physical realizability is a criterion whether The basic structure of GP is illustrated in Figure 1 . GP starts with a population of individual computer programs created randomly (line 4). In the evaluation procedure, each individual program in the population is performed, and then the fitness values are assigned to the individuals (line 5).
The fitness values are used as a basis for selection. Selection is a process in which individual programs are copied according to their fitness values (line 8). This means that individual programs with a higher fitness value have a higher probability of giving one or more offspring programs in the next generation. After selection, new individual programs are generated by applying genetic operators to the population (line 9). Each program in the new population is then measured for the fitness (line 10). The cycle of selection, genetic operations, and evaluation is repeated until a predefined number N,,, is reached. The result of a run of GP is the fittest program in the final population.
GP-BASED SYNTHESIS METHOD mk alH(z)I
There are three preparatory steps in suiting GP to the filter
structure synthesis problem. They involve determining the representation scheme, the fitness measure, and the method of genetic GP can be applied to the synthesis of digital filters by establishing a mapping between the filter structures and computer programs. For this reason, the filter structures are represented as the S-expressions. The S-expressions are the syntactic forms in Lisp programming language [7] . n e S-expressions consist of the symbols representing unit delays, adders, and multipliers, because digital filters consist of these basic elements.
We define the coefficient sensitivity for a given filter structure as
where K is the number of multipliers in the filter structure, and SE")' is the coefficient sensitivity, Smag or STel, of the transfer function H ( z ) with respect to variations in mul-
For example, consider a digital filter in Figure 2(a) . The S-expression of the digital filter is given by (Y (a2 ( m 3 (dl (al))) (m2 (a1 (ml (dl)) ( X ) ) ) ) 1 which is identified with the rooted-tree shown in Figure 2 (b). The symbols 2 and y represent the filter input and output respectively in Figure 2(a) . The other symbols such as a l , u2, . . ., dl represent the basic elements of the filter structure.
The symbols U k , m k , and dk correspond to adders, multipliers, and delays, respectively. The fitness measure is defined as the sum of the values obtained by three criteria shown in Section 2. This is because we want to assign a high fitness value to a filter structure which can realize the transfer function H ( z ) and has low coefficient sensitivity. Thus, we define the fitness value f as f = f p h y s + f t r + f s e n s ,
( 5 )
where the values fphVs, f t f , and fsens corresponding to the first, second, and third criteria shown in Section 2, respectively, are defined as follows: In (8) the value S,,, is the maximum of the coefficient sensitivity values of all the filter structures in the population. The reason we define fsen, as (8) is that a high fitness should be assigned to the low sensitivity filter structures.
The genetic operators such as crossover, mutation and inversion can change the topology of filter structures. They are applied to each S-expression in the population probabilistically. Crossover creates new S-expressions that consist of parts taken from two S-expressions. Crossover selects a fragment in each S-expression randomly, and then swaps these fragments between the two S-expressions. Mutation selects a fragment randomly in an S-expression, and then replaces the existing fragment with a new randomly generated fragment. The new fragment is generated from a set of symbols in the fragment selected for the mutation. Inversion selects two fragments randomly in an S-expression, and then swaps these fragments.
NUMERICAL EXAMPLE
To demonstrate the performance of the GP-based synthesis method, we consider a second-order low-pass narrow band- 
This transfer function has poles located close to the unit circle, and it is known that such a transfer function is highly sensitive to the coefficient quantization. Figure 3 shows the minimum magnitude sensitivity structure synthesized by the proposed method using the magnitude sensitivity Smag. On the other hand, Figure 4 shows the minimum relative sensitivity structure synthesized by the proposed method using the relative sensitivity STel. The GP-based synthesis software has been developed in Common Lisp. The runs for the synthesis of both the structures have taken about 2.5 hours on a 4W-MHz Intel Pentium I1 processor. Table 1 compares the coefficient sensitivities of the minimum magnitude and relative sensitivity structures with four 0.09824 -0.19507~-1 + 0 . 0 9 8 2 4~~~
1 -1.957184~-' + 0.958693r2 other forms: (1) the balanced state-space realization [ 11, (2) Agarwal and Burrus structure [3] , (3) Diniz and Antoniou structure [4] , and (4) direct form 11. Table 2 also compares the computational complexity of those filter structures with respect to the number of multipliers, two-input adders, and branches of these filters. The computational complexity roughly provides an indication of its cost of implementation. The number of multipliers includes only multipliers with non-integer coefficients. From Table 1 , it is observed that the magnitude sensitivity of the minimum magnitude sensitivity structure is much lower than those of the other filters with respect to the magnitude sensitivity. The coefficient sensitivity of the balanced realization is a little higher than that of the minimum magnitude sensitivity structure, but it requires four more multipliers per second-order section than the minimum magnitude sensitivity structure. On the other hand, it is observed that the relative sensitivity of the minimum relative sensitivity structure is much lower than those of the other filters with respect to the relative sensitivity.
CONCLUSIONS
We have proposed the GP-based method for synthesizing low coefficient sensitivity digital filter structures. In this paper, we have proposed the following three techniques: the representation of digital filter structures as programs (Sexpressions), the fitness measure including the coefficient sensitivity, and the genetic operators varying the filter structures. In the numerical example, we have considered two sensitivity measures such as the magnitude sensitivity and the relative sensitivity, and have shown that the filter structures synthesized by GP have much lower coefficient sensitivities than the other low coefficient sensitivity filter structures proposed so far.
We can observe the interesting result from Figure 3 and Figure 4 that the GP-based synthesis method has synthesized the filter structures both of which contain two integrators 1/(1 -z-'). It is well known that the filter structures containing the integrators have low coefficient sensitivity [3, 8] . It is interesting that the GP-based synthesis method can discover such filter structures using the fitness measure including the coefficient sensitivity.
